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ABSTRACT

We study limit laws for sums of products of exponentials of nonnegative,
ttd random variables {V;; }, namely Eivz({l ) 8 X7=1"%ii  Under a Cramér
type condition, E[e®Vii] < co for some s > 0, a weak law of large num-
bers, central limit theorem, and convergence to stable laws is established
for appropriate rates of growth of N(n) and proper normalizations and
scalings.

1. Introduction

The present work has several motivations. Qur primary interest is to eventually
gain an understanding of the dynamo problem in random flows. This is related
to the study of magnetic fields generated by a conducting fluid in stars. For this
model let v(t,z) be a random, incompressible, velocity field on R3, x a small
parameter (the inverse Reynolds number) and A the Laplacian on R3. Then
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the magnetic field H is the solution of the multi-component parabolic Anderson
model,

H
8a—t+<v,V>H=nAH+<H,V>v,
H(0,z) = Ho(x).

This is just Maxwell’s equation. The field H has a multiplicative integral
expression as an expectation over random paths satisfying

dé(s) = V2kdw(s) — v(t — 5,&(s))ds, 0<s<t,

and with a matrix potential V = (Vj;) = (0v;/dz;) given by

t

H(,2) = B[ [[(65 ~ Vi (t - 5,€()d5) Hio(e(0)|
s=0

For details, see Molchanov and Ruzmaikin [5]. In a discrete approximation to

this model one has

H(n,z) = E, [ili)eC”"“i‘iHo(xn)],

where C,;, 0 < j, i € Z9 are iid trace zero random matrices and {z,}n>0 is a
Markov chain on Z9 with transition probabilities

(1.1) pij =K, |i—j|=1,
pii =1~ 2dk,

for some 0 < k < 1/2d.

A similar expression occurs in the study of phase transitions of random di-
rected polymers on trees, as in Carpentier and Le Dousal [2] or Derrida and
Spohn [3]. Here one considers a rooted binary tree with independent random
energies attached to each branch. Denote by ¢;; the energy on branch j in gen-
eration ;. For a length n path v = {(z0,0), (z1,1),...,(2n,n)} from the root
let V(y) = > €, be the sum of the energies along the path. The resulting
partition function has the form Z = 27 e~V which is a multiple of the
expected value of e 8V over random walk paths.

Another motivation is that of a model of a randomly moving particle on the
integer lattice Z¢ which encounters soft traps. The traps are modeled as 4id
random variables {V;; : ¢ € Z4%j =0,1,2,...}. The particle follows a random
walk on Z¢ with transition probabilities as at (1.1).
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Then the probability of survival up to time n of the walk in the environment
{Vi;} is given by
Po(y) = 77 2m0 ol

where v is a realization of the Markov chain,y = {(z0,0), (#1,1), (22,2),...}.
Here § > 0 is some parameter. Let us write (2, P, (dw,,)) as the probability
space for the random media provided by the random variables {V;;}. For each
Wi, € {1y, the random dynamics of the randomly moving particle among this
field of ‘soft’ traps is represented by the probability space (Q, F¥m, P¥m (dw)).
If T is the killing time of the particle moving in the field provided by w,, then

PO (T > n) = Evne® Tio Ve

Consider now an initial configuration of particles concentrated on a box Qr =

[“L ’ L}dv
N _ |1, €@y,
7](07%) - {0’ 7 € QL-
All particles move independently according to the dynamic described at (1.1).
Define

(n,i, k) = 1, if particle starting at (0,¢) survives to time n and z(n) = k,
M4 E) = 0, otherwise,

and set
n(n,i) = Z n(n,i,k) and n(n) = Z n(n, ).
kezd 1€QL

Then n(n) is the total number of particles, started in @, and are surviving
to time n. The quantity E“»n(n) is the quenched expectation of the num-
ber of surviving particles. We’d like to understand the limiting behavior of
ﬁn) > I€QLm) E¥mn(n, j) — A(n) for various choices of L when these quantities
tend to infinity as n does. In fact, this question is of interest in all of the models
mentioned above and there are many others of this sort arising in applications of
probability theory. This question already leads to interesting results in the case
k = 0, which we call the case of zero diffusivity, in analogy with terminology
arising in the parabolic Anderson model. In this case

E¥np(n,i) = e PXi=0Vii  and E¥mn(n) = Z e P Vs
€QL

This is similar to the situation studied in Ben Arous, Bogachov Molchanov
[1]. There, the authors considered a sequence of iid random variables {Xi}tis>:
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with subexponential tails. Various limit laws were derived for quantities of
the form #n) Zf\[:(ln ) enXi _ A(n) for various rates of growth of N. Briefly
summarizing, in that work, a crucial quantity was H(t) = log E[e!*:]. Then
critical growth rates were determined in terms of H, call them H;(n) and Hy(n),
with Hy(n) < Ha(n). For N(n) growing faster than H;(n), a law of large
numbers was established. For N(n) growing faster than H2(n), a central limit
theorem was established. For N(n) growing more slowly than H,(n), stable
limit laws were established.

This brings us to the topic dealt with here. The work of this paper should be
viewed as the nonstationary analog of the results in [1}. In fact, taking V;; = X;
for each j gives the situation studied in that paper. Now, dropping the minus
sign and specializing to the case d = 1, we study sums of the form

N
Sn(n) = Zeﬁ 2ier Vi
=1

where {Vj;,4,5 € {1,2,3,...}} are non-negative iid random variables defined on
some probability space (2, F, P). Our goal is to understand how the growth rate
of N(n) influences the various limit laws that can arise for Sy (n) when it is ap-
propriately normalized and centered. Let V be a random variable, independent
of and with the same law as the V;;. Assume the Cramér condition

EleV] =e¥® < o0

for s € (—o0, (1) for some open interval containing the origin. It is useful to
consider the properties of ¥(s) for s € (—o0, 51). If we define Q; by

dQs _ esV

dP ~ E[eV]
then

E[Ves”
¥(6) = Sy = Ba V)
and y
oo _ EVZeV]  (EVeV]N?
¢ (3) - E{esv] - ( E[esv] ) - Va‘rQs(V) > 0.

Define

(1.2) A(s) = s¢'(s) —9(s), s € (~00,B).
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Note X (s) = s¢”(s), so A is increasing on (0,5;). The definition of A arises
from the Legendre transform of ¢, which is given by

(1.3) Y (y) = Sl;p{/\y -y}

A simple computation shows that given y, if there is an s € {—o00, ;) with
y = ¢'(s) then ¥*(y) = s¢'(s) —9(s) = A(s), but we shall not use this fact here.
From now on fix a 8 for which ¥(28) < o0, and define the two critical values,

A= AB) = BY'(B) —¥(B) and X2 = A(28) = 284" (28) — ¥ (2B).

Since A(s) is an increasing function of s for s > 0, it follows that A\; < As.
Moreover, given any A € (0,A(81—)), there is a unique s € (0,;), such that
A = A(3). We now state our results. Define

cs(n) = s/ 2m"(s)n, 0<s <

and
Ny(n) = cs(n)e*®™ 0< s < By

We shall write N(n) for the number of summands in the limit laws. When
it appears as a subscript, as in Sy or My, the dependence on n will be
suppressed. The law of large numbers and central limit theorem hold for Sy with
N(n) > e’ summands for A above the critical values A; and )g, respectively.
The normalizations are different at these critical values than in the range A > A;
for the law of large numbers and in the range A > Ay for the central limit
theorem. The normalizations at the critical parameters use

(1.4) A(n) = B[P Z= " s sy cyiap)]
and
(1.5) Ax(n) = B[P 255 "1 s s v cpioapyl-

THEOREM 1.1: If A > A; and liminf, ,,, N(n)e " > 0, then

lim Sn(n) £
n—oo ESn(n)

(1.6)

lim SN—(?)E .
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THEOREM 1.2: If A > Ay and liminf,_, o N(n)e™*" > 0, then

Sn(n) — ESn(n)

1 i 2
1.8 li <z)=—= / V24,
(18) no < v/ Var Sy (n) x) V21 J o ¢ v

If N(n) = Nog(n), then

. Sn(n) — E[Sn(n)] 1 T
(1.9) nlg]g()P( N\/W/M’;) gx) _E/_we v2qy.

If we consider N(n) = Ni(n) = cs(n)e*®)® summands with s in the range
(0,28) we can obtain stable limit laws. This requires proper normalization and
centering. Set

a=s/p
and define the normalizing and centering constants
(1.10) B,(n) = €°¥'(9)n
and
0, 0<s<p,
Ng(n) B3 _ Vij —
(L11)  Ax(n) = B Ele 2= Layn vi<ponl 5=5
58 plef i V], B <5< 2.

We note that
Aa(n) — e(A(S)—Bw’(s)""lﬁ(B))n’ B <8< 25

Then we have the following stable limit laws.

THEOREM 1.3: If 0 < 5 < 28 and N(n) = Ny(n) = cs(n)e*®)", then the
limiting distribution of Bys(n)"1Sn(n) — Aa(n) exists and has characteristic

function
s uz
s =epfinaut [ (e -1 2 )0, @)},
where
(112) @ ={" 230
and

(113) Yo = {8"”/ 2eoslom/2) a7 .
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We now turn to a consideration of order statistics. Define,
Mpy1(n) = max{e®Zi=1Y5;5 ¢ {1,...,N(n)}}.

Then
My (n) = P Xi=1 Vi,

for some N'(n) € {1,...,N(n)}. Set
My o(n) = max{e’ Xi=1 Vi i e {1,..., N(n)} \ {N'(n)}}
and let N?(n) € {1,...,N(n)} be such that
My a(n) = ? 2= V2,
Continuing in this way, we obtain My x(n), k € {1,..., N(n)} satisfying
Mpi(n) > Mn(n) > -+ > My n(n).

Analogs of the classical limit laws of extreme value theory (see Leadbetter and
Rootzen [4]) hold in the present context.

THEOREM 1.4: For 0 < s < 2B and a = s/B,N(n) = Ny(n) = cs(n)e*s?,
. Mpy x(n) ot Z’f—l ERRL
SR <) = —0 ,

nan;OP( Bg(n) ~ x) 0, =R <0;

for j <k and z,y > 0,

My, ;(n) My x(n)

. < , <
B.(n) =" Bin) - y)
—ym Nl k-l 2Ty T ) e
- {e VU Yo Tty ife>y,

e i—1 —Jja .
e~ Y S ifz <y.

lim P(

n—oo

Remark: Specializing to the case & = 1 we have, with N(n) = N,(n), that

MN,I(TI,) _ MN’l(’n,)
Bs(n) - eﬂw(s)n

has the so-called Gumbel distribution as its limit law. Consequently,

log Mn1(n) P
n—oo log Bs(n)
Now for 0 < s < f3, from Theorem 1.3 we have

logSN(n)El

n—oo log Bs(n)
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S0
lim log Mya(n) P
n-oo log Sy(n)
Thus, on a logarithmic scale Sy and My ; are comparable. That is, Sy(n)
is “dominated” by the largest summand. On the other hand, for values of
s € (8,20) the law of large numbers (Theorem 1.1) holds for Sy when N(n) =
Ny(n) = cs(n)e*®), giving

im log Sy (n) P
n—00 ]og(N(n)em/J(ﬁ)) ’

Since Theorem 1.4 also holds for Ns{n), we have

i 08 Mya(®) p ByY'(s)
n—oo logSn(n)  sy'(s) —9(s) +¥(B)
So for # < s < 2f3, the maximum term does not account for the main growth of

Sn(n).

It’s instructive to fix a value of A > 0 and think of 5 as an inverse temperature

<1

which may vary. At high temperature, i.e. for § small, we’ll have A > A(28)
and ‘disorder’ is sufficient for the central limit theorem to hold. As temperature
decreases, i.e. §§ increases, the central limit theorem ceases to hold once A(23) >
A, but the law of large numbers holds so long as A(8) > A. For temperatures in
this last regime, A(8) > A, there is less ‘disorder’ and the maximum term begins
to dominate in Sy.

The remainder of the paper is devoted to the proofs of these theorems.

2. Preliminary estimates

Recall the definition of A(s) at (1.2). It plays an important role in controlling

1 n
pin[y, 00) = P(ﬁ Zsz > y>
Jj=1

by means of error estimates in the central limit, theorem applied to the Cramér
transform of the distribution of V. Recall that X (s) = s¢”(s) and ¥'(s) > 0,
"(s) > 0 for s € (—o0, f1). Denote by u the law of V' and by p, the common
law (over 7) of 2 3%, Vi;. Given an s € (0, 51), we define

. ey
ildy) =~y ldy).
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Denote by {V;};>1 an iid sequence of random variables with law fi. Use fi, to
denote the law of their normalized sum:

Notice that E[V;] = v'(s) and that Var(V;) = ¢"(s). The value s will not
appear in the notation for i and i, as it always should be clear what it will
be. Our first Lemma is a consequence of a common error bound in the central
limit theorem. The relevant error bound appears as Theorem 5.22 from Petrov
[6]. Tt says that if EX; =0, EX} = 0?, E|X;|* < 00 with a = EX} and

Fy(dz) = ( ZX € dr)

and ®(z) is the distribution function for a N(0,1) random variable and ¥(z) =
1 — ®(z), then uniformly in = € R,

(2.1) 1= Fo(z) = ¥(z) - —2%)e %12 4 o(n~V/?),

_* 1
603y 21n

This will give
LEMMA 2.1: Given 0 < s < 31, there is a ¢ = ¢(s) such that for z > 0,

e)\(s)

(2, 00) = 6_5‘/nwll(s)v_v2/2d’t}
\/27r .F‘“—,p,, (2='(s))

(’U3 _ 3v)e—s\/n1lz”(s)v—v2/2d,v

11’”( ) z=9'(s))

+0(n 1/2)6 ns{z~ 1/1(3)).

In addition, for a differentiable function f for which the integrals below converge
and a < b,a,b € [—00, 0], write

J=(a+¢'(s),b+¢'(s)) and I":( zp"TZs)a’\/;/J%s)b)
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Then,
| £ ()
( lﬁ" ) ' —s\/MU—v2/2
v+ (s))e dv
vy Tk

/ (W’v + (s ))( 3 _ gy)em sV (v—v*/24,

" O(n_l/z)e—ns(y—z/; (S))f(y)lJ _ f O(n—%)e—ns(y—w'(s))f/(y)dy
J

Proof: Notice that

and we can apply (2.1) to the distribution of the quantity

WZ(V — /().

By straightforward computation,

[o o]
O (,00) = [ O i )

z

)
e—ns(y—w (s))ﬂn(y’ Oo)lgo _ ns/ e—nS(y-d) (s))ﬂn(y’ oo)dy
z

~ _e—ns(y—w'(s))q;( '(p”(s) (y - w( ))|:°

[ee)
s / e~ (5) g
z

w,,( )(y P'(s))dy
-9 (s))2

(v -9/ (s)7)e” |

C ’
+ —ensy=¥ (N1 —
Vvn ( w"( )
n(y—v'(s))?

< ~ns(y=4/(s)) S o
+ ’I’LS/ (1 V(s )(y ¢())) WY dy
+ o(n=1/2)e=nsr=¥ ()| 4 o(n=1/2)ns / s =v'(5)) gy

z

:i * 6—5\/"1/)”(3)1’—7-’2/2(1,0
2 J S = (s)
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" Va / (v* = 3v)emsV " ()0 2y

u(s) —'(s))
+O(TL 1/2)6—713(3 P’ (s)).

The proof of (2.3) follows by first integrating by parts, applying (2.2) and then
reversing the integration by parts in the terms not involving o(n=1/2). [ |
COROLLARY 2.2: With 0 < s < 26 and o = s/, we have

log x
pn
tn{z,00) at z = (logx)/An + ¥'(s) and using Lemma

Tim Ny(n)psn (22 4 4/(s),00) = 27

Proof: Evaluating e*($)?

2.1, we have

log x
Ny(m)pin (- +/(5),00)
(o0}
=cs(n)\/—T : e‘S\/n’(lJu(s)v—v2/2dv
T BN m! ()
o0
+ %cs(n) / 1 (v® = 3v)e~*V g ()o=u* /2y o(1).
n og x
By (s)

The first term becomes

/ “5\/""/’”(5)17—1)2/2dv
e e
— " * —sy\/ny! (s)uv—v? /2
sy/nip (s)/ e dv.
By/nw(s)

But

Va(dv) = sv/n" (s)e™ VI Ly s ooy (w)do

is a measure on R with total mass v,(R) = 2~ which is converging weakly to
™ %g(dv) as n — oco. For the first term,

o0
sv/ny” (s) / eV 2 gy, / ey, (dv)
log x R
By/np! (2)
and since e~"/2 is a bounded continuous function, vanishing at infinity,

. p— 2 p—
lim [ eV /2u,(dv) = 2~°.
n—ro0 R
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For the second term,

£ * 3 —sr/ny! (s)v—v? /2
\/ﬁcs(n) / (v° — 3v)e dv

logz
By (s)
= \/cﬁ/ (v® —3v)e‘“2/21/n(dv),
R

and so

Jim 7= | (0 - 30)e™ un(de) =0.
Thus,

log x . _ -

Ny (n)pan ( ; +/(s),00) = lim [ e /2w (dv) = 27
R

and that completes the proof. [

Another result we shall use later is

COROLLARY 2.3:
- 1 -
JJim eV Apn) = 5 and | lim esp(n)e”V " Ax(n) = o0

Proof: We can apply (2.3) with f(y) = e2n(v=—¥'(?F) s = 28 and J =
(0,%'(28)). This yields

e~ V@8N dy(n) = / e~ 2 gy
V2T | [ (26)
+ —/ (v - 2v)e“”2/2dv + o(1).
\/ﬁ Vs v 28)
Both assertions of the Corollary now follow easily. |

3. Proofs of Theorems

Proof of Theorem 1.1: For (1.6), we assume liminf, _,o, N(n)e™*" > 0, for
some A > A;. It is sufficient to show for some 4 > 0,

(3.1) lim ElSw(n) - ESx(n)['**

n—oo (ESn(n))1+o =0.

First observe that by Jensen’s inequality, since V is not identically constant,

¥((1+9)8) — E[e(1+5)BV] > (E[CBV])H& = (1+0)%(8)
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Thus, by the von Bahr-Esseen inequality (exercise 2.6.20, page 82 in Petrov
[6]), the numerator satisfies

E|Sn(n) — ESy(n)|'*? < 2N(n)E|ef Xi=1 Vi — ¢m¥(B)|145
< eN(n)(er?(1+9)8) 4 on(1+8)v(8))
= N (n)em¥((1+3)8)

On the other hand, the denominator satisfies
(ESN(n))H“S — e(1+6)nw(B)N(n)(1+5)‘

By assumption, there is a ¢ > 0 such that N(n) > ce*” for n large enough. The
ratio in (3.1) therefore eventually satisfies

E|SN((g)S—(ESS;11v+(?)I1+5 < ool —IFH(+8)B)~(1+8)(B)n.
Ni{n -

But
P((1+6)8) = ¥(B) +¢¥'((1 + 66)B)Bs, for some 0 < < 1.

This implies, as A > Ap, that

—OX+9((1+8)8) — (1 +8)p(B) = 6(BY'(B +668) —$(8) — 1) <0

provided 4 is chosen sufficiently small. Thus (3.1) holds and (1.6) is proved. We
now prove (1.7), the law of large numbers at the critical value A;, that is for
N(n) = Ng(n). By Theorem 1.3, at A = A\; = A(§8), we have mSN(n)—Al (n)
has a limiting distribution with N{(n) = Ng(n). Thus,

1 Sn(n) P
) By ~ 1) 50
This is the same as
_Snl)
A1(n)Bg(n)

Since A;(n)Bg(n) = Ns(n)A;(n), this proves the result in the critical case
N(n) = Ng(n). |

We now turn to the proof of the central limit theorem.

Proof of Theorem 1.2: The proof of (1.8) uses the Lyapunov criteria, namely

. El{\_/__({l) E‘eﬁ2;=1vij _ (EeBV)"[2+5 B
(3.2) 7}1{1;0 (N(n) Var PEI Vo) 1432 =0, forsomed >0,
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implies the central limit theorem. Using the assumption lim inf,_, e~ "N (n)
> 0, the ratio in the limit in (3.2) is eventually bounded above as follows:

V) B1eBTI Vi _ (EePVyn |2+

=1

(N (n) Var ePZi=1"i )146/2

= N(n)—5/2e(¢((2+5)ﬁ)—(1+6/2)w(2ﬂ))n

< ce~MEA-P((24+8)8)+(14+8/2)¥(28))
_ o= EA—B((146/2)28)+(1+6/2)%(26))
= ce~MA—28Y' (2B+088)+9(28))5
for some 6 € (0,1).
Then, provided ¢ is sufficiently small and A > As we have
A —2B9'(26 + 068) +¥(28) > 0.
The limit in (3.2) is thus 0 and (1.8) is proved. For the proof of (1.9), define
Y(n) = _Ermh
Nag(n)As(n)
It suffices to show the following three conditions hold for every 7 > O:
(@) Jim Nag(m) P(Y() > 1) =0,
(b) lim Nys(n)E[Y (n)l{y (ny>r3] = 0,
(¢) lim N(m)(BY*(n)1y(m<n] — (BIY () 1ym<n))®) = 1.
For (a), using Lemma 2.1 and writing

fr = c2p(n)e V2™ 43 (n),

e log(ry/7)
0g\TV Jn n
dp = ———" and e,=,/—7==dn,
pn ¥"(28)
we obtain

Nas WP(Y () > 7) =eza(m)e Py (BT o+ LB TaZA00), )
=c25(n)e* 0y (dy, + ' (28), 00)

:2,8 /711,[1"(2,3) /oo 6—26\/n1/1”(2ﬁ v—v2/2d,v
fes)
" %\/ np"(25) / (v® — 3v)e= 2BV A= /2,
n €n

+o(1).
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Notice that

Yo(dy) = 28+/nap" (2B)e 2V 2By ) (v)dv

is a measure on R with total mass (7v/f,) =2 which, by Corollary 2.3, tends to
0 as n — o0. Thus, the last three terms vanish as n — oo and (a) holds. For
the proof of (b), we see by (2.3) that

Nog(n)EY (n)1{y (n)>r)]

_c2s(n) / ) PMy=V 2N AR (dy)
V fn dn

oy ¢~ 2)) / =BV @B v—v? /2 g,

\/_ [ny"(28)) wﬂ 28)) / e—BV/n¥" (28))v— u2/2(U — 2v)d

Tfn '

Noticing that
Go(dv) = 28/ (28) (e, o) (v)e =PV D gy

is a measure on R with total mass (,(R) = 2(7v/f,) !, and since lim,,__,, f, =
00, it follows that (, is converging weakly to the zero measure. Thus,

nl_ir_{loo Ngg(n)E[Y(n)l{y(n)>T}] =0.

We now turn to the proof of (¢). First observe that

(E[Y(n)l{Y(n)gT}])2< e2(B)n
EY2(m)lymy<r] = EleX8 Y 1 v v coropy]
c20(B)n
B Ag(n)

o(20(B)—w(26)n
e—w(2/3)n,zi2 (n) '

By Jensen’s inequality,
2B o c¥(28))n

which implies, using Corollary 2.3, that

i EX Oy my<n])? _
n—00 E[Yz(n)l{y(n)gr}]
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This reduces (c) to showing that
. 2
nll)néo N25(H)E[Y (n)l{Y(n)ST}] =1
But, by Lemma 2.1,

Nag(n)E[Y?(n)1{y (n)<r}]

dn+v'(28)
zcﬂ}(n) / ( 2Bnu—v BN ACBM ()
n 0

= 1~ /e" eV 2y
e VA Ay ()V2r J - fmyi (28)
c En 2
+ = / (v® — 2v)e™ 2dv
VeV BN Ay (n) J - S (a)

+o(1).

In the first term, lim, e, = 0, lim, E"'%—B)w/(zﬁ) = 00, and by
Corollary 2.3, we have lim,__, e~ ¥@#)? 4y (n) = 3, 80

1 n
lim = /
n—so0 e—"/’(2/3)"A2(n)V 27 -\ /WW@B)

The remaining terms are easily seen to tend to zero as n — oo. This concludes
the proof of (¢) and therefore Theorem 1.2 is proved. 1

eV 2y =1.

Proof of Theorem 1.3: The proof of Theorem 1.3 requires verification (via an
appropriate modification of Theorem 3.4 from Petrov [6]) of the following three

items:
&) )
lim N,(n)P(Bs(n) 1P Xi=1Vi < 1) = Lo(z), =<0,
n—oo
— lim Ny(n)P(By(n) 1P Xi=1% > z) = £,(z), z>0.
n=—r00
(2)
2 — lim T ~1,8%7, Vis . _
o® = Tll{‘r%)nll}rrgoNs(n) Var (Bs(n) e VL g my1ef B e ST}) =

(3) There is a « such that for each 7 > 0,

lim Ns(n)E(Bs(n) tefZim Vig

n)
n—+00

(B (n)-1e? B Vi <71) ~ Aal

T8 © g
ot /O T dLa(a) - / T dLa(z).
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Proof of (1): Let 0 < s < 23. Obviously, P(B,(n)™1e® Xi=1 V4 < g) = 0 for

z < 0, so there is nothing to prove in this case. For z > 0, by Corollary 2.2, we

have

log
Bn

Tim N, (n)P(By(n) ' Tt > 2) = lim N (m)un (—ee +4/(5), 00

-

=T y

so0 (1) is established. ]

Proof of (2): For 0 < s < 2f3, notice that

En(dv) = s/np"(s)e2B—IVn¥ " (s)v]

Ty ogr _(v)dv
(/5 (0 s (V)

has total mass z2-72"%(1 + o(1)) and converges weakly to 52-7>"*y(dv) as

2
n — 0o. Writing
log T
—_ /
n‘r(n) - ¢ (S) + ﬂn ’

and using Lemma 2.1,

N(n) Var (Bs(n)~"e? Zi= L 1P Bl Vi )
N (n) 28351 Vis
B S(n)?2 =z Ele =l >r, Vu‘Snf(n)}]

77 () \
—c4(n) / €280 (N AGI ()
0

oo 2
z/ e " /2fn(dv)
— 00
+ = / ” (v® — 3v)e™"/2¢, (dv)
Vi o
+ o(1)eB=o)nly=¥'(s)) 1+ (m)

nr(n) ,
+ o(l)Bn/ e(2B=)nly=4'(s)) gy
0

The first term satisfies

2—o

o0
: —v2/2 _
nhmo0 n e &n(dv) =

while the second satisfies

lim 76_5 /_o;(v3 - 30)6_”2/2§n(dv) =0

n—»~o0
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and the third satisfies

- (1)
lim O(l)e(2ﬁ—s)n(y—w’(s))Igr(") +o(1)Bn /n " e(2B=)ny—¥"(s)) gy = (.
0

n—oo

Thus

i ~1,8357% 1 Vij "
nl—n—r)loo Ns(n) Var (BS(TL) € 1{Bs(n)—1eﬁ Ei=1Vij ST}) 29—«

Since lim, o 52-7%~* = 0, this implies (2). (]

Proof of (3): We first observe that dL,(z) = az~!~%dz and compute the right
hand side of (3), which is

Toa? 1 z 1
— —1—a »—l—a
I(a):’y+a/0 R dw—a/T oL dz.

Thus, for 0 < a < 1,

o © g
I — l—o _
() 7+1_a7' a/o 1+m2dx
& 1o _ an
l1-a 2cos(arm/2)’

Forl<a<?2,

a X oo x?—a
— —a v
I(a)—'y+1_a7' +a/0 1+$2d:c
Q& i-a_ am
l-a 2cos(an/2)’

Finally, for a = 1,

T z 0 -1
I{a) = dz — —d
@ =+ [ e[ Tt

.1 2 1 2
—7+§log(1+r ) — (210g(1+r ) logT)

=y +logT.
We'll show that for 0 < a < 1,0r 1 < a € 2,
_ am
T= 2 cos(ar/2)’
while for a = 1,
v =0.

This will be accomplished by showing that the limit in (3) is $2-717* for o # 1
and is log 7 when a = 1.
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Case (i): 0<s<B.

Then Ay (n) = 0, Bs(n) = ef¥' )" N (n) = c,(n)eM®", and recalling the
notation
log T

ne(m) = w/(s) + L

using Lemma 2.1 we have

Ns(n) n oy
S—E 8 Zj:l Vij 1 n .
B,(n) le {tye” Bim Yo <1

n-{n) ,
—cy(n) / = (N A, (1
0
_ logr

=s\/ngp"(s) [ VT eBos)yme vtz g,

_ /—n(s)wr s)
_ logr
/1/)// /BV’”"” _ 3,0)6([3—3)\/n¢"(3)v—v2/2dv
V¥ (S)

+O(1)e(/3—s)n(y ¥'(s)) |gf(n)

nr(n)
+ o(1)Bn / e(B=sInly='(s)) gy
0
For the first term, notice that

Xn(dv) = sy/nap"(s)eP=IvV ¥ (s 1 (= /S (), Lok )}(v)dv

ByV/ndll (=)

is a measure on R with total mass 2-7'7*(1 + o(1)). Moreover, x,(dv) is
converging weakly to $2-71~%8y(dv). Thus,
__logT
lim sy/ny’(s /”v mTE (B (=P 2 g @ F-a
n—>00 Vg l-a
l/ll( )w (s)

The same observation implies that

_dogT

Hm csy/9"(s) /BV s (v® - 31))6([3—3)\/n¢”(s)v—v2/2d,v —0.
n—00 /———Mw

Finally, it is easy to see that

n—>oo

Thus,

(n)
lim o(1)e=5m—4' (D7) 4 o(1)4p / T eE—omty—v ) gy, =
0

Ns(n)

s{n

lim

n—oo

BZ”:lvij n —
e oom e iy =
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and the proof of (3) for 0 < s < 8 is complete.
Case (ii): s=8(a=1).

In this case, A;(n) = gz—gnngE[eﬁ L= Vi lia an vi;<v(8)}] and we must
prove

. n "
lim Ns( )E[ BT Vi L AT, Vij<T}] — Ai(n) =logT.

n—>oo Bﬂ n) {Bﬁ(“)

Proceeding in a manner similar to case (i), we use Lemma, 2.1 to get

NB( ) B
BB(”)E[

ne(n) ,
:c5(n)/ Py=v BN A B, (dy)
¥'(8)
log T
=4 niﬂ"(ﬂ)/ﬁm e ey

_logT

+c[3\/¢"_/5 " @~ Bv)e 2dy

+ o(1).

‘/i.
= L (g)< 2 TI_, Vig < ()]

Now the first term satisfies

log 7
lim ﬂ\/nw”(ﬂ)/ﬁ I o= 2y = log T,
n—>roo 0

__logr

while c8+/¢"(8) [ e — 3v)e~v"/2dy vanishes in the limit as n — co.
That finishes the proof of the case s = .

CAsE (ili): f<s<26.

Here, we must show

. Ny(n) gy v -
nh—n}loo _s(—nE[e ' 1{ Bﬂl(‘"-) o Ti=1 Vi 5"}] Aa(n) T 1 a

1—a
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But, by the definition of A,(n) and Lemma 2.1 we have
No(mBLBs ()25 Ly oy )] = Aaln)

=N,(n)E[B; (n)—leﬁ Zim Y l{Bs(n)—le” i1 Vij >-r}]

o0
_ 7 (B—5)y/ny" (s)v—v?/2
=sy/nyY’ (s)/ e dv
B nb ()
+ ———s\/m/)” / 3v)e(ﬂ_s)\’m/’”(s v=v*/2 4,

ﬁm
+ o(1).

The measure

ma(dv) = sy/my" ()L _togr__ o)y IVY 0

BVnw' (s)
has total mass 2-71=*(1 + o(1)) and is converging weakly to 2717960 (dv).
Thus,
Hm sv/ny'(s) /OO eB—8)y/n (s v—v2/2dv — _a_Tl—a
—_— log 7 1 -« ’
e PV
lim —s\/mll” / (v® — 2u)elB=)Vne" (s)v—v 2y =0
’IL——-')OO log v
By/nw! (3)
and thus
. N,(n) B Vi _ Y 1-a
e By(m) 1T Mgy B Y g) — Aal) = 2
as desired. |
This competes the proof of Theorem 1.3. ]

Proof of Theorem 1.4: We only give the proof for the limiting distribution of
Mpy 1/Bs(n); the other proofs follow in a similar manner. Recall

My :rnax{eﬁz:?=l V“, i_—.1,2,...,N(n)},
By(n) =PV 0 <5 <28,
Ny(n) = cs(n)e*™,

and we want to prove that if N(n) = N4(n), then

Mp e, >0
P — <z)= ’ ’
(Bs (n) — ) {O, otherwise.
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Now, for z > 0,

P(My 1 < £Bs(n)) = P(e? Xi=1V < gBy(n))N-

1 < logz Ne(n)
= — ‘[L<— !
(v < B2+ w(s)

j=1 b
_ , log Na(n)
= (l—pn(’([l (S)+ ﬂ—n,oo)) .
By Corollary 2.2, if z > 0,
1
No(mpun (#/(5) + =525, 00) = 27%(1 4 0(1))

Therefore, for > 0,

(1 — pun (V' () + loﬁ )) Ne(n) _ (1 _ Ns(n)pn(¥'(s) + ]%ni, OO))Ns(n)

, 00
pn Ns(n)
_ (1 A s 0(1))>N5(“)
Ns(n)
— e_z_a, n — 00
For z < 0 there is nothing to prove. §
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